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Abstract. We consider the chordal Lowner differential equation with the model 
driving function \/t. Holomorphic and singular solutions are represented by their 
series. It is shown that a disposition of values of different singular and branching 
solutions is monotonic, and solutions to the Lowner equation map slit domains 
onto the upper half-plane. The slit is a C^-curve. We give an asymptotic estimate 
for the ratio of harmonic measures of the two slit sides. 
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1. Introduction 



> 

u 

■5. 

The Lowner differential equation introduced by K. Lowner |TT] served a source to 
study properties of univalent functions on the unit disk. Nowadays it is of growing 
interest in many areas, see, e.g., [12]. The Lowner equation for the upper half-plane 
H appeared later (see, e.g., [T]) and became popular during the last decades. Define 
a function w = f(z, t), z 6 H, t > 0, 

OO ! 2t ( 1 \ 

(1) f{z,t) = z+- + I — J , z^oo, 

which maps M\ K t onto HI and solves the chordal Lowner ordinary differential 
equation 



< 2 > ^-ji^hm- /fe0) ^ 2eH ' 



^ ' where the driving function A(t) is continuous and real- valued. 

The conformal maps f(z,t) are continuously extended onto z E R minus the 
closure of K t and the extended map also satisfies equation ([2]). Following [10], we 
pay attention to an old problem to determine, in terms of A, when K t is a Jordan 
arc, K t = 7(t), t > 0, emanating from the real axis R. In this case f{z,t) are 
continuously extended onto the two sides of j(t), 

(3) A(t) = /( 7 (t),t), l(t) = r 1 (X(t),t). 

Points 7(i) are treated as prime ends which are different for the two sides of the 
arc. Note that Kufarev [2| proposed a counterexample of the non-slit mapping for 
the radial Lowner equation in the disk. For the chordal Lowner equation, Kufarev's 
example corresponds to A(i) = 3^/2y/l — t, see [8], [10] for details. 

Equation ()2]) admits integrating in quadratures for partial cases of \(t) studied 
in [8], [15]. The integrability cases of ()2]) are invariant under linear and scaling 
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transformations of A(t), see, e.g., [ID] . Therefore, assume without loss of generality 
that A(0) = and, equivalently, 7(0) = 0. 

The picture of singularity lines for driving functions X(t) belonging to the Lipschitz 
class Lip(l/2) with the exponent 1/2 is well studied, see, e.g., [10J and references 
therein. 

This article is aimed to show that in the case of the cubic root driving function 
X(t) = s/l in p, that is, 

(4) ^/0M) = 2 f(z,0) = z, lmz>0, 

1 ; dt f( z ,t) - W M ; 

the solution w = f(z,t) is a slit mapping for t > small enough, i.e., K t = 7(t), 
< t < T. 

The driving function \(t) = \/i is chosen as a typical function of the Lipschitz 
class Lip (1/3). We do not try to cover the most general case but hope that the 
model driving function serves a demonstration for a wider class. By the way, the 
case when the trace 7 is a circular arc meeting the real axis tangentially is studied 
in [13] . The explicit solution for the inverse function gave a driving term of the form 
A(i) = Cts + . . . which corresponds to the above driving function asymptotically. 

The main result of the article is contained in the following theorem which shows 
that f(z, t) is a mapping from a slit domain D(t) = HI \ 7(i). 

Theorem 1. Let f(z,t) be a solution to the Lowner equation Qj. Then f(-,t) maps 
D{t) = H \ j(t) onto EI for t > small enough where j(t) is a C x -curve, except 
probably for the point 7(0) = 0. 

Preliminary results of Section 2 in the article concern the theory of differential 
equations and preparations for the main proof. 

Theorem 1 together with helpful lemmas are proved in Section 3. 

Section 4 is devoted to estimates for harmonic measures of the two sides of the 
slit generated by the Lowner equation (j3J). Theorem 2 in this Section gives the 
asymptotic relation for the ratio of these harmonic measures as t — > 0. 

In Section 5 we consider holomorphic solutions to (jlj) represented by power series 
and propose asymptotic expansions for the radius of convergence of the series. 

2. Preliminary statements 
Change variables t — > r 3 , g(z, r) := f(z, r 3 ), and reduce equation (T4]) to 

, . dq(z,r) 6r 2 

5 JL^A= g(.z,0) = z, lmz>0. 

Note that differential equations 

dy = Q(x,y) 
dx P(x,y) 

with holomorphic functions P(x,y) and Q(x,y) are well known both for complex 
and real variables, especially in the case of polynomials P and Q, see, e.g., [2], [3], 

®, m- \m- m. 
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If z 7^ 0, then g(z, 0) ^ 0, and there exists a regular solution g(z, r) to (J5]) 
holomorphic in r for |r| small enough which is unique for every z ^ 0. We are 
interested mostly in studying singular solutions to (]5]), i.e., those which do not satisfy 
the uniqueness conditions for equation fl5]). Every point (g(z , r ), r ) such that 
g(zo, t ) = r is a singular point for equation ([5]). If r 7^ 0, then (g(zo, r ), r ) is an 
algebraic solution critical point, and corresponding singular solutions to ([5]) through 
this point are expanded in series in terms (r - r ) 1/,T \ m G N. So these singular 
solutions are different branches of the same analytic function, see [17, Chap. 9, §1]. 

The point {g{zo, r ), r ) = (0,0) is the only singular point of indefinite character 
for (E]). It is determined when the numerator and denominator in the right-hand 
side of fl5]) vanish simultaneously. All the singular solutions to fl5]) which are not 
branches of the same analytic function pass through this point (0, 0) [17, Chap. 9, 



Regular and singular solutions to ([5]) behave according to the Poincare-Bendixson 
theorems [13], [2], [17, Chap. 9, §1]. Namely, two integral curves of differential equa- 
tion ([5]) intersect only at the singular point (0, 0). An integral curve of ([5]) can have 
multiple points only at (0,0). Bendixson [2] considered real integral curves globally 
and stated that they have endpoints at knots and focuses and have an extension 
through a saddle. Under these assumptions, the Bendixson theorem [2] makes pos- 
sible only three cases for equation ([5]) in a neighborhood of (0,0): (a) an integral 
curve is closed, i.e., it is a cycle; (b) an integral curve is a spiral which tends to a 
cycle asymptotically; (c) an integral curve has the endpoint at (0,0). 

Recall the integrability case [8] of the Lowner differential equation ([2]) with the 
square root forcing A(t) = c\/i. After changing variables t — > r 2 , the singular point 
(0, 0) in this case is a saddle according to the Poincare classification [13] for linear 
differential equations. From the other side, another integrability case [8] with the 
square root forcing X(t) = ca/1 — t, after changing variables t — > 1 — r 2 , leads to the 
focus at (0, 0). 

Going back to equation §5§ remark that its solutions are infinitely differentiable 
with respect to the real variable r, see [4, Chap.l, §1], [17, Chap. 9, §1]. Hence 
recurrent evaluations of Taylor coefficients can help to find singular solutions pro- 
vided that a resulting series will have a positive convergence radius [16, Chap. 3, §1]. 
Apply this method to equation ([5]). Let 



be a a formal power series for singular solutions to Note that g s is not necessarily 
unique. It depends on the path along which z approaches to 0, z ^ K T . Substitute 
§6§ into ([5]) and see that 



1]- 



(6) 




n=l 




Equating coefficients at the same powers in both sides of ([7]) obtain that 
(8) ai(ai-l) = 0. 
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This equation gives two possible values a x = 1 and a\ = to two singular solutions 
g + (0,r) and g~(0,r). In both cases equation ([7]) implies recurrent formulas for 
coefficients a+ and a~ of g + (0,r) and g _ (0,r) respectively, 



n-l 



(9) at = 1, = 6, a+ = - *;a+a+ +1 _ fc , n > 3, 



fc=2 
n-l 

n 



(10) O! =0, a 2 =-3, a n = ^ ^ ka k a n+1 _ k , n>3, 

k=2 

Show that the series Y^n=i a n r ™ formally representing g + (0,r) diverges for all 
v 0. 

Lemma 1. For n > 2, the inequalities 

(11) e™- 1 ^ - 1)! < |o+| < i2 n -V- 3 

Proof. For n = 2, the estimate ffTT]) from below holds with the equality sign. Suppose 
that these estimates are true for k — 2, . . . ,n — 1 and substitute them in ([7]). For 
n > 3, we have 

71—1 71—1 

\<\ = E Id-J > E fc6fc_1 ( fc - l)!6 n " fc (n - &)! = 

fc=2 k=2 

n-l 

6 n_1 fc!(n - k)\ > Q n -\n - 1)! . 

k=2 

This confirms by induction the estimate ffTTl) from below. 

Similarly for n = 2, 3, the estimate ffTTl) from above is easily verified. Suppose 
that these estimates are true for k = 2, . . . , n — 1 and substitute them in (J7J. For 
n > 4, we have 

71—1 71—1 

n-2-fc 



Kl = E *l a if < E kl2 k ~ 1 k k ^ 3 12 n ^ k (n + 1 — k) 

k=2 k=2 
n-l /n-2 

12 n ~ 1 k k ~ 2 {n + 1 - k) n ~ 2 - k < 12 71 " 1 Y,( n ~ l) fc ~ 2 (™ - l) n - 2 - k + 



k=2 \k=2 
'n-2 



< 12"- 1 ^E( n ~ 1 )™~ 4 + ( n ~ l T~j < 12 n_1 n n - 3 
which completes the proof. □ 



Evidently, the upper estimates ffTTj) are preserved for \a~\, n>2. 
The lower estimates ffTTl) imply divergence of Y^=i a n r ™ f° r r / C. Therefore 
equation (J5]) does not have any holomorphic solution in a neighborhood of tq = 0. 
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There exist some methods to summarize the series Xl^Li a n r " > the Borel regular 
method among them [3], [16, Chap. 3, §1]. Let 

OO I 

n=l 

this series converges for |r| < 1/12 according to Lemma 1. The Borel sum equals 

POD 

h(r) = / e~ x G(rx)dx 



and solves ([5]) provided it determines an analytic function. The same approach is 
applied to E^=i a n r ™- 

In any case solutions gi(0,r), (72 (0, r) to ([5]) emanating from the singular point 
(0, 0) satisfy the asymptotic relations 

n n 

( ?1 (0,r) = ^a+r fc + o(r-), g 2 (0, r) = ^ a~ k r k + o(r n ), r 0, 

k=l k=l 

for all n > 2, o(r n ) in both representations depend on n. 

Let A(0,t) :=^i(0,r 3 ), f 2 (0,t) :=(? 2 (0,r 3 ). Since A(0,t) = ffi + 6^ + o(^) 
and / 2 (0,£) = — 3-v^ + o(v^) as t — >■ 0, the inequality 

/ 2 (0,*)<^t</i(0,f) 

holds for all t > small enough. 

Let us find representations for all other singular solutions to equation (J3J) which 
appear at t > 0. Suppose there is z G H and t > such that /(-2 , to) — v^- Then 
(f( z o, to), to) is a singular point of equation (j3J), and f(z ,t) is expanded in series 
with powers (£ — to) n ^"\ m e N, 

OO 

(12) /(*,, t) = Vio + 6 »/™(* ~ toT /m . 

n=l 

Substitute ffT2l into (TjJ and see that 

OO 

E 



■ X 



m 

n=l 

, n\ (3* c 

n=l n=l v 



(13) Ew*-*o)" /m -E 



n/ m _ f (-ir- 1 2-5...(3n-4) (t-toY 



Equating coefficients at the same powers in both sides of ( 1131) obtain that m = 2 
and 

(14) (6 1/2 ) 2 = 4. 

This equation gives two possible values 61/2 = 2 and 61/2 = —2 to two branches 
fx(zo,t) and f2(zo,t) of the solution ffl2|) . Indeed, we can accept only one of possi- 
bilities, for example by 2 = 2, while the second case is obtained by going to another 
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branch of (t — t ) n ^ 2 when passing through t = t . So we have recurrent formulas 
for coefficients b n / 2 of fi(za,t) and f 2 (zo,t), 

\ ( \ n - x \ 

(15) 61/2 = 2, b n/2 = n+1 ( c n/2 - 2 k b k/2{b(n+l-k)/2 ~ C( n +l-fc)/2) 1 , W > 2, 



where 



l) fc_1 2 • 5 . . . (3Jfe - 4) 



v / t= ^+7^-(t-t ) + o(t-t ), *->*o + 0, 



(16) c (2fc _i )/2 = 0, c fc = 3 fct fc-i/3 fc , ' fc = M,---- 

Since 

/i^o,*) = v / ^+2 v / t^ + o( v ^^), / 2 (2o,t) = ^-2 v ^^+o(v / t^), 
the inequality 

f 2 {z ,t) < Vi <h(z ,t) 

holds for all t > t close to t . 

3. Proof of the main results 

The theory of differential equations claims that integral curves of equation (J4j) 
intersect only at the singular point (0,0) [17, Chap. 9, §1]. In particular, this im- 
plies the local inequalities /2(0, i) < ^(^o, i) < \ft < fi(z ,t) < /i(0, t) where 
(f(zo,to),t ) is an algebraic solution critical point for equation (j4]). We will give an 
independent proof of these inequalities which can be useful for more general driving 
functions. 

Lemma 2. Fort > small enough and a singular point (f(z ,t ),t ) for equation 
O), < t < t, the following inequalities 

h(o,t) < f 2 (z ,t) <^i< h{ Z(h t) < A(o,t) 

hold. 

Proof. To show that fi(z ,t) < fi(0,t) let us subtract equations 

d/i(0,t) _ 2 



dt /i(0,t)-^' 

rf/i(z ,t) = 2 

^ fi{z ,t)-W 

and obtain 



/i(0,0) = 0, 

/l(^0) £o) = VH)> 



d(/i(0,t) -fi(z ,t)) 2(f 1 (z , t) -A(0,t)) 



dt (A(0,t) - rt)(fi(z ,t) - tff)' 

which can be written in the form 

dlcg^O^-AOM)) "2 



* (/i(0,t)-^)(/i(*b,t)-^' 
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Suppose that T > t is the smallest number for which /i(0, T) = fi(z Q ,T). This 
implies that 

r T ^ 

k (h(o,t) - rwx(zo,t) - rt) 

To evaluate the integral in (1TT|) we should study the behavior of fi(z ,t) — v^t 
with the help of differential equation 

rf(Afat)-^) = 2 1_ _ j^+6jg-AM 

* /i(zo,*)-v^ 3^ 3^(/!(zb,t)-^)' 

Calculate that = — 72 and write the asymptotic relation 

/i(0,t) = + -72t + o(t), t^+0. 

There exists a number T' > such that for < t < T', ^ft + Q\/¥ > /i(0,t). 
Consequently, the right-hand side in f lT8|) is positive for < t < T' . Note that 
T' does not depend on to- The condition "t > small enough" in Lemma 2 is 
understood from now as < t < T' . We see from ( 1181) that for such t, fi(zo, t) — \/i 
is increasing with t, to < t < T < X" . Therefore, the integral in the left-hand side 
of (117p is finite. The contradiction against equality ( 1TT1) denies the existence of T 
with the prescribed properties which proves the third and the fourth inequalities in 
Lemma 2. 

The rest of inequalities in Lemma 2 are proved similarly and even easier. To show 
that f 2 (zo,t) > /2(C), t) let us subtract equations 

df 2 (0,t) _ 2 



dt f 2 ^t)-W 

df 2 (zo,t) = 2 

dt / 2 (*o,t)-^' 

and obtain 



/ 2 (0,0) = 0, 

f2{ z Q, to) = \rto, 



d(f 2 (0,t) - f 2 (z ,t)) _ 2(f 2 (z ,t) - f 2 (0,t)) 



dt (f 2 (o,t) - yi)(f 2 (z ,t) - rty 

which can be written in the form 

d\og(f 2 (z ,t) - f 2 (0,t)) -2 



dt (f 2 (0,t) - yt)(f2(z ,t) - Vt)' 

Suppose that T > t is the smallest number for which f 2 (zo,T) = / 2 (0, T). This 
implies that 



(19) 



dt 



00. 
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To evaluate the integral in f|T9|) we should study the behavior of f2(z ,t) — \/i 
with the help of differential equation 

d(f 2 (z ,t) - #i) = 2 1_ _ ffi + 6^-/ 2 Qz ,t) 

dt " f 2 ( Zo ,t) ~rt 3^ s^(f 2 (z ,t) - rt) ' 

Since 

f 2 {0,t) = -3\/¥ + o(Vj?), 

there exists a number T" > such that for < t < T", <ft + 6^ > jfeCO,*). 
Consequently, the right-hand side in (120]) is positive for < t < T" . We see from 
( 120]) that for such t, /2(0, t) — \/i is decreasing with t, t < t < T < T" . Therefore, 
the integral in the left-hand side of ( fl9l) is finite. The contradiction against equality 
(|T9l) denies the existence of T with the prescribed properties which completes the 
proof. □ 

Add and complete the inequalities of Lemma 2 by the following statements demon- 
strating a monotonic disposition of values for different singular solutions. 

Lemma 3. Fort > small enough and singular points (f(zi,ti),tx), (f(z ,t ),t ) 
for equation < t\ < t < t, the following inequalities 

f2(z 1 ,t) < f 2 (z ,t), fi(z ,t) < fx{z l: t) 

hold. 



Proof. Similarly to Lemma 2, subtract equations 
dfi(z u t) _ 2 



dt fi(z u t)-yt' 
dfi(z ,t) = 2 

dt h{z Q ,t)-W 

and obtain 



fl( z Q } t ) — v^to, 



d(h(z u t) -fx(z ,t)) 2(/ 1 (2 b ,t) -fi(z h t)) 



dt uM,t) - <rt)(h(z ,t) - rty 

which can be written in the form 

dlogif^t) - f\(z ,t)) -2 



dt (fi(zi,t) - rwi(z ,t) - rt)' 

Suppose that T > t is the smallest number for which fi(zi,T) = fi(z ,T). This 
implies that 

r T dt 

J t0 uM^-rmiM-rt)' 00 ' 

To evaluate the integral in (T2~Tj) apply to (fl8|) and obtain that there exists a number 
T' > such that for < t < T', fi(z , t) — \/t is increasing with t, t < t < T < T' . 
Therefore, the integral in the left-hand side of (121]) is finite. The contradiction 
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against equality (|2"T|) denies the existence of T with the prescribed properties which 
proves the second inequality of Lemma 3. 

To prove the first inequality of Lemma 3 subtract equations 

df 2 (z 1 ,t) _ 2 



df 2 (z ,t) 2 



/2(zi,fl) = Wl, 



dt f2(za,t)-\/t 
and obtain after dividing by f 2 (zi,t) — f 2 (z ,t) 

d\og(f 2 (z ,t) - f 2 (z u t)) -2 



dt (f 2 (zi,t) - ¥t){f 2 {z G ,t) - yt) 

Suppose that T > t is the smallest number for which f 2 (z ,T) = f 2 (zi,T). This 
implies that 

(22) f T ^ = oo. 

To evaluate the integral in (122]) apply to (120]) and obtain that \/t + Q\/W > 
\/i > f 2 (0,t). Consequently, the right-hand side in (|20|) is positive and we see that 
^2(0, t) — \/t is decreasing with t, t < t < T. Therefore, the integral in the left-hand 
side of ( l22l) is finite. The contradiction against equality ( l22l) denies the existence of 
T with the prescribed properties which completes the proof. □ 

Proof of Theorem 1. 

For t > 0, there is a hull K to C H such that f(-,t ) maps H \ K to onto H. We 
refer to [10] for definitions and more details. The hull K to is driven by \/^. The 
function f(-,to) is extended continuously onto the set of prime ends on d{M \ K to ) 
and maps this set onto R One of the prime ends is mapped on Let z = z (to) 
represent this prime end. 

Lemmas 2 and 3 describe the structure of the pre- image of EI under f{-,t). All the 
singular solutions /i(0,t), f 2 (0,t), fi(z ,t), f 2 (z ,t), <t <t <T', are real- valued 
and satisfy the inequalities of Lemmas 2 and 3. So the segment / = [/^(O, t), /i(0, £)] 
is the union of the segments I 2 = [f 2 (0,t), \/t\ and I\ = [\/t, /i(0, t)]. The segment 
I 2 consists of points f 2 (z(r),t), < r < t, and the segment Ii consists of points 
fi(z(r),t), < r < t. All these points belong to the boundary R = <9H. This 
means that all the points z(t), < r < t, belong to the boundary <9(H \ K t ) of 
HI \ K t . Moreover, every point z(t) except for the tip determines exactly two prime 
ends corresponding to fi(z(r),t) and f 2 (z(r),t). Evidently, z{r) is continuous on 
[0,t]. This proves that z(t) := j(t) represents a curve 7 := K t with prime ends 
corresponding to points on different sides of 7. This proves that / _1 (w,t) maps H 
onto the slit domain H \ 7(2) for t > small enough. 

It remains to show that ^(t) is a C 1 -curve. Fix to > from a neighborhood of 
t = 0. Denote g(w,t) = f~ l {w,t) an inverse of f(z,t), and h(w,t) := f(g(w,t ),t), 
t > t . The arc 7[io>£] := K t \ K to is mapped by f(z,t ) onto a curve 71 (t) in H 
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emanating from € M. So the function h(w, t) is well defined on H\ 7 i(to), t > to- 
Expand h(w,t) near infinity, 

fr(tu, t = <? t + 7 tt + O - = w + -± ^ + O — 

#(w,t ) \g 2 (w,t )J w \w 2 

Such expansion satisfies (0Q) after changing variables t — >• t — to- The function t) 
satisfies the differential equation 

dh(w, t) 2 , . . 

This equation becomes the Lowner differential equation if ti := t — t , hi(w,ti) := 
fe(iw,to + *i), 

/ \ dhAw.ti) 2 , , . 

(23) \ V = i==, M»,0) = », u;GH. 



The driving function A(ti) = \/t{ + 1 in ( 123]) is analytic for ti > 0. It is known 
[1, p. 59] that under this condition hi(w, ti) maps H\ 7 i onto H where 71 is a C 1 -curve 
in H emanating from A(0) = y/to~. The same does the function h(w,t). 

Go back to f(z,t) = h(f(z,t ),t) and see that f(z,t) maps EI \ 7(2) onto H, 
jit) = 7[0, t ] U 7 [t , t], and 7[t , t] is a C 1 -curve. Tending t to we prove that 7(t) 
is a C 1 -curve, except probably for the point 7(0) = 0. This completes the proof. 

4. Harmonic measures of the slit sides 

The function f(z,t) solving fll]) maps EI \ 7(t) onto H. The curve 7(t) has two 
sides. Denote 71 = 71 (t) the side of 7 which is mapped by the extended function 
/CM) onto h = [^t,A(0,t)]. Similarly, 72 = 72 (t) is the side of 7 which is the 
pre-image of I 2 = [/ 2 (0,t), ffi] under f(z,t). 

Remind that the harmonic measures cu(/ _1 (i, t); 7^, H \ 7(t), t) of 7^ at /" 1 (i,t) 
with respect to H \ 7(t) are defined by the functions u k which are harmonic on 
H \ 7(t) and continuously extended on its closure except for the endpoints of 7, 
L0 k \ 7k {t) = 1, Wfc| R u( 7 (t)Vy fc (t)) = 0, A; = 1,2, see, e.g., [6, Chap. 3, §3.6]. Denote 

m k (t) := u(f-\i, t); 7fe , H \ 7 (t), t), fc = 1, 2. 
Theorem 2. Let f(z,t) be a solution to the Lowner equation 0. T/ien 

(24) lim ^ = 6vr. 

Proof. The harmonic measure is invariant under conformal transformations. So 

a;(/- 1 (z, t); 7*, H \ 7 (t), t) = /( 7fc , t), H, t) 

are defined by the harmonic functions Q k which are harmonic on H and continuously 
extended on K except for the endpoints of /( 7 jM), fyfe|/( 7fc ,t) = 1, ^fck\/( 7fc ,t) = 0, 
/c = 1,2. The solution of the problem is known, see, e.g., [5, p. 334]. Namely, 

mk{t) = 

7T 
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where ack(t) is the angle under which the segment I& = Ik(t) is observed from the 
point w = i, k = 1, 2. It remains to find asymptotic expansions for 
Since 

after elementary geometrical considerations we have 

ai(t) = arctan/i(0,t) - arctan = 6v^ + 0(t), t -»• +0, 

a 2 (i) = arctanv^- arctan/ 2 (0,t) = v^+3v^+0(t), t +0. 
This implies that 



mi(t) 



7T- 



6^ + O(t) 



(^t + 3^+0(t)) 2 
which leads to ( )24l) and completes the proof. 



67r(l + 0(v / t)), 



□ 



Remark 1. T/ie relation similar to [Efy follows from [H] for the two sides of the 
circular slit j(t) in M such that j(t) is tangential to R at z = . 

5. Representation of holomorphic solutions 

Holomorphic solutions to (jlj) or, equivalently, to (JSJ) appear in a neighborhood of 
every non-singular point (zo, 0). We will be interested in real solutions corresponding 
to z e E. 

Put 2 = e > and let 



(25) 



/(e,t) = 6 + X>n(e)t n 



/3 



n=l 



be a solution of equation (j4|) holomorphic with respect to r = \ft. Change \ft by r 
and substitute fl25|) in (jSJ) to get that 



(26) 



£)na n (e)r n - 1 



n=l 



e T' 



6r" 



(27) 
and 

(28) 



-t + y^ j a n { 

n=l 

Equate coefficients at the same powers in both sides of ff26l) and obtain equations 

6 



ai(e) = 0, a 2 (e) = 0, a fc (e) 



k = 3,4,5, 



ne 



n— 3 



n 



l)a n _i(e) - J^(n - A;)a n _ fc (e)a fe (e) 



fc=3 



n > 6. 



The series in ( )25l) converges for |r| = \ < R(e). 
Theorem 3. The series in (25\) converges for 
(29) \t\ < e 3 + o(e 3 ), e -> +0. 
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Proof. Estimate the convergence radius R(e) following the Cauchy majorant method, 
see, e.g., [4, Chap.l, §§2-3], [16, Chap. 3, §1]. The Cauchy theorem states: if the 
right-hand side in ([5]) is holomorphic on a product of the closed disks \g — e\ < p\ 
and |t| < T\ and is bounded there by M, then the series J2^=i a n( e ) r ™ converges in 
the disk 

Pi 



|t| < i?(e) = ri \1 — exp 
In the case of equation ([3]) we have 

Pi + r i < e , and M 



2Mr x 
6rf 



e - (pi + n) 

This implies that for pi + r x = e — 5, 5 > 0, 

R(e) - r J 1 - exp j- C ^ Tl 8 

So R{e) depends on 5 and r\. Maximum of R with respect to 5 is obtained for 
5 = (e — r\)/2. Hence, this maximum is equal to 

(30) J R 1 (e)=r 1 (l-exp{-^£ 

where -Ri(e) depends on r 1 . Let us find a maximum of Ri with respect to r x e (0, e). 
Notice that R\ vanishes for r± = and r x = e. Therefore the maximum of Ri is 
attained for a certain root r\ = Tx{e) 6 (0, e) of the derivative of i?i with respect 
to r±. To simplify the calculations we put r^e) = ec(e), < c(e) < 1. Now the 
derivative of Ri vanishes for c = c(e) satisfying 

(31) 1- exp J-(lzgU 1+ fl 7^-^=0. 
V 7 P \ 48ec 3 J V 48ec 3 / 

Choose a sequence {e n }^ 1 of positive numbers, lim^oce™ = 0, such that c(e n ) 
converge to c as n — )■ oo. Suppose that c < 1. Then 

eXP 1 48e„,c 3 (eJ f V + 48e„.c 3 (eJ J <l 



for n large enough. Therefore c(e n ) is not a root of equation fl3T|) for e = e n and n 
large enough. This contradiction claims that c = 1 for every sequence {e n > 0}^ 
tending to with lim^oo c(e n ) = c . So we proved that c(e) — >• 1 as e — >■ +0. 

Consequently, the maximum of R\ with respect to r± is attained for r\ (e) = ec(e) = 
e(l + o(l)) as e — >■ +0. Let Ri = Ri^) denote the maximum of R\ with respect to 
r±. It follows from (130]) that 
(32) 

«*) = r l(£ ) Cl - exp |-(1^M)!\) = £ c( £ ) Cl - exp ' " 



48r 3 (e) j J \ \ 48ec 3 (e) 

Examine how fast does c(e) tends to 1 as e — > +0. Choose a sequence {e„, > Oj^L^ 
lim^^ooen = 0, such that the sequence (1 — c(e„)) 2 /e„ converges to a non-negative 
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number or to oo. Denote 

/ := Km (1 ~ c(e " ))2 , < / < oo. 

If < / < oo, then (1 — c(e n ))/e n tends to oo, and equation ([51]) with e = e n has 
no roots for n large enough. 

If I = 0, then, according to (15T1) . lim n _ >00 (l — c(e n ))/e n = 0, and 

/ (l-c(e n )) 2 ) A ^ (l-c(e w ))(3-c(e B )) 
eXP \ 48ec3(e) J ^ + 48e nC 3(e n ) 

1 (l~c(6 w )) 2 Al-c(e w )) 2 \\ / (l-c(e TO ))(3-c(e n )) 

48e nC 3(e n ) V e n J J\ + A8e n c^(e n ) 

l-c(e n ) /l-c(e n )\ 

1 H h o , n — > oo. 

24e n V ^ / 

This implies again that equation fl3T|) with e = e n has no roots for n large enough. 

Thus the only possible case is I = oo for all sequences {e n > 0}™ =1 converging to 

0. It follows from ([32]) that 

(33) R 2 (e) = max i? x (e) = e + o(e), e ->■ 0. 

0<ri(e)<e 

In other words, the series in f]25]) converges for \t\ < (e + o(e)) 3 , e — > 0, which implies 
the statement of Theorem 3 and completes the proof. □ 



Remark 2. Evidently, a similar conclusion with the same formulas (27\) and §28\ 
is true for e < 0. 
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